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Let X and Y be independent standard normal variables.

a) For a constant k, find P(X > kY).

Solution:
P(X>kY)=P(X-kY >0)=1-P(X —-kY <0)

Ifwelet V=X —-EkY, then V ~ Normal (/LV =0, oy =vV1+ kQ), since the sum of independent normal R.V.s
is normal. Moreover, we can compute the mean and variance as follow:

py =E(V)=EX -kY)=EX)—kEY)=0-k-0=0

0%, = Var(X — kY) = by independence = Var(X) + (=k)*Var(Y) =14+ k* = oy = V1 + k2

Now we can compute the following probability:

0-0
1—P(V§O):1—P(V*§W):l—P(V*go): — ®(0) =0.5]

b) fU =v3X +Y,and V = X — V3Y, find P(U > kV).

Solution: First note that both U and V are sums of independent normal R.V.s and thus, they are nor-
mal. Their parameters are:
U,V ~ Normal(p = 0,0 = 2), since:

p=EU)=EN3X+Y)=V3EX)+EY)=vV3-0+0=0=E(V)
02 =Var(U) = Var(v3X+Y) = by independence = (v/3)*Var(X)+Var(Y) =3+1=4=Var(V) = o =V4 =2

Using the result obtained in a), and the fact that the sum of normal random variables is normal we get that:
P(U>kV)=PU —kV>0)=1-PU —kV <0)=1—(0) =[0.5]
¢) Find P(U?+V? < 1).

Solution: Note: U2+V? = (V3X+Y )2+ (X —v3Y)2 = 3X242/3XY +Y? 4+ X2 -2\/3XY +3Y = 4X2+4Y2.
The variable R? = X? 4+ Y2 where both X and Y are independent standard normal R.V.s is distributed as an

1
exponential with parameter A = 3 Hence:

1
PU?+V?<1)=PAX*+4Y?<1)=P (X2 +Y?%< 4) =1-¢5 =[0.117503
d) Find the conditional distribution of X given V' = v.

Solution: By definition of V:
X =V +V3Y. If we are given a value v of V then X = v +/3Y
This is just a linear transformation of a normal variable and hence, it is normal. Its parameters are:
px =E(X)=Ew+V3Y)=EW) +V3E(Y)=v+V3-0=0v

0% =Var(X) =Var(v+V3Y) =Var(vV3Y) = (V3)?Var(Y)=3-1=3 = ox = V3

In short, | X ~ Normal(ux =v,0x = V/3)




